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Abstract
In this paper, we establish some interval oscillation criteria for a class of second-order
nonlinear forced diﬀerential equations with variable exponent growth conditions. Our
results not only give the suﬃcient conditions for the oscillation of equations with
variable exponent growth conditions, but also they extend some existing results in
the literature for equations with a Riemann-Stieltjes integral. Two examples are also
considered to illustrate the main results.
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1 Introduction
In this paper, we will establish some interval oscillation criteria for the following equation:
(
p(t)u′(t)







∣γ (t,s)+–β(t) sgnu(t) dξ (s) = e(t), t ≥ t, ()
where p,q,β , e ∈ C[t, +∞) with p(t) > , β(t) > , a ∈ R, b ∈ (a, +∞), g ∈ C([t, +∞) ×
[a,b]), ξ : [a,b] → R is strictly increasing, γ ∈ C([t, +∞) × [a,b]), and γ (t, ·) is strictly
increasing on [a,b] such that
 < γ (t,a) < β(t) < γ (t,b), β(t)≤ γ (t,a) + , t ∈ [t, +∞).
Here
∫ b
a f (s) dξ (s) denotes the Riemann-Stieltjes integral of the function f on [a,b] with
respect to ξ .
As usual, a nontrivial solution u(t) of equation () is called oscillatory if it has arbitrary
large zeroes, otherwise it is called nonoscillatory. Equation () is said to be oscillatory if
all its solutions are oscillatory.









∣∣α(s) sgnu(t) dξ (s) = e(t), ()
which have been observed in Sun and Kong [].
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For the particular case when a = , b = l +m + , where l,m ∈N and for s ∈ [, l +m + ),
ξ (s) =
∑l+m




, s < ,
γ ∈ C([t, +∞)× [, l +m + )) such that
γ (t, j) = αj(t), j = , , . . . ,m; γ (t,m + i) = θi(t), i = , , . . . , l,
satisfying  < α(t) < · · · < αm(t) < β(t) < θ(t) < · · · < θl(t), β(t)≤ α(t) + , t ∈ [t, +∞),
g(t, j) = Aj(t) ∈ C[t, +∞), j = , , . . . ,m;
g(t,m + i) = Bi(t) ∈ C[t, +∞), i = , , . . . , l.















∣∣θi(t)+–β(t) sgnu(t) = e(t). ()
For the particular case when p(t) ≡ , q(t) ≡ , m = , α(t) ≡ α 	= , β(t) ≡ , Bi(t) ≡ ,
i = , , . . . , l, equation () reduces to the well-known Emden-Fowler equation,
u′′(t) + q(t)
∣∣u(t)
∣∣α sgnu(t) = . ()
In the past  years, extensive work has been done and great progress has been made
on oscillation of equation () and more general equations (see [–] and the references
therein). On the other hand, with wide use in the nonlinear elasticity theory and elec-
trorheological ﬂuids (see [, ]), the diﬀerential equations and variational problemswith
variable exponent growth conditions have been investigated by many authors in recent
years (see [–]). However, we notice that no criteria were found for equation () even
for the special case of equation () to be oscillatory so far in the literature. The purpose of
this paper is to establish some interval oscillation results for equation () which involves
variable exponent growth conditions. Clearly, our work is of signiﬁcance because equation
() allows an inﬁnite number of nonlinear terms and even a continuum of nonlinearities
determined by the function ξ .
The organization of this article is as follows. After this introduction, in Section , we
establish interval oscillation criteria of both the El-Sayed type and the Kong type for equa-
tion (). In Section , we give two examples to illustrate our main results.
2 Main results
In the sequel, we denote by Lξ [a,b] the set of Riemann-Stieltjes integrable functions on
[a,b] with respect to ξ . We further assume that for any t ∈ [t, +∞), γ (t, ·), /γ (t, ·) ∈
Lξ [a,b].
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Lemma. Suppose that γ ∈ C([t, +∞)× [a,b]), and for any t ∈ [t, +∞), γ (t, ·) is strictly
increasing on [a,b], β ∈ C[t, +∞) such that
 < γ (t,a) < β(t) < γ (t,b), β(t)≤ γ (t,a) + , t ∈ [t, +∞).




















dξ (s), t ∈ [t, +∞).
Then, for any function θ satisfying θ (t) ∈ (m(t),m(t)) for t ∈ [t, +∞), there exists η :
[t, +∞)× [a,b]→ (, +∞) satisfying for any t ∈ [t, +∞), η(t, ·) ∈ Lξ [a,b], such that
∫ b
a











h dξ (s))–, (t, s) ∈ [t, +∞)× [h,b],









a dξ (s))–, (t, s) ∈ [t, +∞)× [a,h).
()




γ (t, s)ηi(t, s) dξ (s) = β(t), i = , . ()






















































Therefore, for any θ (t) ∈ (m(t),m(t)), t ∈ [t, +∞), there exists a function p∗ : [t, +∞)→










η(t, s) + p∗(t)η(t, s), for (t, s) ∈ [t, +∞)× [a,b], ()









η(t, s) dξ (s) + p∗(t)
∫ b
a







Also from () and (), we have
∫ b
a
















This completes the proof of Lemma .. 
Remark . We will see from the proof of Lemma . that the function η can be con-
structed explicitly for any nondecreasing function ξ .
Remark . If we take γ (t, s) = α(s), a = , and β(t) ≡ , then Lemma . reduces to
Lemma . in [].
Lemma . Let functions θ : [t, +∞) → (, +∞), w : [t, +∞) × [a,b] → [, +∞), η :
[t, +∞) × [a,b] → (, +∞) satisfy for any t ∈ [t, +∞), ω(t, ·) ∈ Lξ [a,b], η(t, ·) ∈ Lξ [a,b],




η(t, s) dξ (s) = θ (t), (t, s) ∈ [t, +∞)× [a,b]. ()
Then, for any t ∈ [t, +∞),
∫ b
a
η(t, s)w(t, s) dξ (s)≥ exp
(∫ b




where we use the convention that ln = –∞ and e–∞ = .
Proof Without loss of generality we assume that, for any t ∈ [t, +∞),
∫ b
a




η(t, s)w(t, s) dξ (s) = ,
∫ b
a η(t, s) ln[θ (t)w(t, s)] dξ (s)
θ (t) = –∞,
and hence () is obviously satisﬁed. It is easy to check that ln t ≤ t –  for t ≥ , and then,














a η(t, s)w(t, s) dξ (s)
)
≤ θ (t)w(t, s)∫ b
a η(t, s)w(t, s) dξ (s)
– . ()














































= θ (t) –
∫ b
a
η(t, s) dξ (s) = , ()




















η(t, s)w(t, s) dξ (s)
)∫ b
a




η(t, s)w(t, s) dξ (s)
)
θ (t). ()
Dividing () by θ (t), we have
∫ b
a η(t, s) ln[θ (t)w(t, s)] dξ (s)
θ (t) ≤ ln
(∫ b
a
η(t, s)w(t, s) dξ (s)
)
, ()
which implies (). This completes the proof of Lemma .. 
Following El-Sayed [], for c,d ∈ [t, +∞) with c < d, we deﬁne the function class
V(c,d) := {v ∈ C[c,d] : v(c) =  = v(d), v 	≡ }. Our ﬁrst result provides an oscillation crite-
rion for equation () of the El-Sayed type.
Theorem . Suppose that for any T > t, there exist T ≤ a < b ≤ a < b such that, for
i = , ,
g(t, s)≥ , for (t, s) ∈ [ai,bi]× [a,b] and (–)ie(t)≥ , for t ∈ [ai,bi]. ()
We further assume that, for i = , , there exist functions vi ∈ V(ai,bi) and θ satisfying θ (t) ∈
(m(t),β(t)] for t ∈ [t, +∞), and a continuous function η : [t, +∞)× [a,b]→ (, +∞) sat-




Q(t)vi (t) – p(t)v′i (t)
]
dt ≥ , ()
where
Q(t) = q(t) +
( (β(t) – θ (t)β(t) + θ (t))|e(t)|




















Here we use the convention that ln = –∞ and e–∞ = , and  = . Then equation () is
oscillatory.
Proof Assume, for the sake of contradiction, that equation () has an extendible solution
u(t) which is eventually positive or negative. Without loss of generality, we may assume
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that u(t) >  for all t ≥ t. When u(t) is eventually negative, the proof is carried out in the
same way using the interval the interval [a,b] instead of [a,b]. Deﬁne
ω(t) = –p(t)u
′(t)
u(t) , t ∈ [a,b].
Then, for t ≥ t, ω satisﬁes






]γ (t,s)–β(t) dξ (s) – e(t)u(t) +
ω(t)
p(t) . ()
(I) We ﬁrst consider the case when θ (t)≡ β(t).







]γ (t,s)–β(t) dξ (s) + ω
(t)
p(t) . ()





γ (t, s) – β(t)
]
dξ (s)≡ , for any t ∈ [t, +∞). ()










η(t, s)η–(t, s)g(t, s)
[
u(t)


















η(t, s) ln β(t)g(t, s)

















η(t, s) ln β(t)g(t, s)








η(t, s) ln g(t, s)
η(t, s) dξ (s)
)
. ()
Substituting () into (),






η(t, s) ln g(t, s)





= Q(t) + ω
(t)
p(t) , t ∈ [a,b], ()
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where Q(t) is deﬁned by () with θ (t) ≡ β(t). Multiplying both sides of () by v (t),














dt ≤ . ()
From (), we see that
ω(t)v(t)
p/(t) + p
/(t)v′(t)≡ , t ∈ [a,b],
which implies from the deﬁnition of w that v′(t)/v(t) ≡ u′(t)/u(t) and hence v(t) ≡ u(t),
t ∈ [a,b] for some constant c 	= . This contradicts the assumption that v(a) = v(b) = 
and u(t)is positive on [a,b].













































p = θ (t)
β(t) – θ (t)β(t) + θ (t) , q =
β(t) – θ (t)β(t)
β(t) – θ (t)β(t) + θ (t) , ()
A = β
(t) – θ (t)β(t) + θ (t)
η(t, s) g(t, s)
[
u(t)
]γ (t,s)–β(t), B = q
|e(t)|
u(t) , ()






]γ (t,s)–β(t) + |e(t)|u(t)
≥
(
β(t) – θ (t)β(t) + θ (t)











β(t) – θ (t)β(t) + θ (t)








β(t) – θ (t)β(t) + θ (t)





] γ (t,s)θ (t)–β(t)
β(t)–θ (t)β(t)+θ (t) . ()





γ (t, s)θ (t) – β(t)
]
dξ (s)≡ , for any t ∈ [t, +∞). ()
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β(t) – θ (t)β(t) + θ (t)





] γ (t,s)θ (t)–β(t)
β(t)–θ (t)β(t)+θ (t) dξ (s)
≥ exp
(∫ b












































a η(t, s) ln[
β(t)–θ (t)β(t)+θ (t)










a η(t, s)[ln(β(t) – θ (t)β(t) + θ (t)) + ln
g(t,s)
η(t,s) ] dξ (s)









(p ln(β(t) – θ (t)β(t) + θ (t))
∫ b
a η(t, s) dξ (s) + p
∫ b






( (β(t) – θ (t)β(t) + θ (t))|e(t)|




















Then from () and the above inequality, we have
ω′(t) ≥ q(t) +
( (β(t) – θ (t)β(t) + θ (t))|e(t)|






















= Q(t) + ω
(t)
p(t) , ()
where Q(t) is deﬁned by () with θ (t) ∈ (m(t),β(t)). The rest of the proof is similar to
that of part (I) and hence is omitted. This completes the proof of Theorem .. 
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Following Philos [] and Kong [], we say that a function H = H(t, s) belongs to a
function classH, denoted by H ∈H, if H ∈ C(D, [,∞)), where D = {(t, s) : t ≥ s≥ t}, and
H satisﬁes
H(t, t) = , for t ≥ t and H(t, s) > , for t > s≥ t, ()
and has continuous partial derivatives ∂H/∂t and ∂H/∂s on D such that
∂H
∂t = h(t, s)
√
H(t, s) and ∂H
∂s = –h(t, s)
√
H(t, s), ()
where h,h ∈ Lloc(D,R).
Next, we use the function classH to establish an oscillation criterion for equation () of
the Kong type.
Theorem . Suppose that for any T > , there exist nontrivial subintervals [a,b] and
[a,b] of [T , +∞) such that () holds for i = , .We further assume that, for i = , , there
exist a constant ci ∈ (ai,bi) and functions H ∈ H and θ satisfying θ (t) ∈ (m(t),β(t)] for
t ∈ [t, +∞), and a continuous function η : [t, +∞) × [a,b] → (, +∞) satisfying () and



















dt ≥ , ()
where Q(t) is deﬁned by (). Then equation () is oscillatory.
Proof Proceeding as in the proof of Theorem ., we get
ω′(t)≥Q(t) + ω
(t)
p(t) , t ∈ [a,b]; ()
see () and () for the cases when θ (t) ≡ β(t) and θ (t) ∈ (m(t),β(t)), respectively. Let
ci ∈ (ai,bi) be such that () holds. Multiplying both sides of () by H(t,a), integrating
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By dividing () and () by H(c,a) and H(b, c), respectively, and then adding them























dt = . ()






p(t) ω(t)≡ , t ∈ [a, c].












and hence u(t) ≡ c√H(t,a) on [a, c] for some constant c 	= . This contradicts the as-
sumption that H(a,a) =  and u(a) > . This completes the proof of Theorem .. 
3 Examples
In this section, we will work out two numerical examples to illustrate our main results.
Here we use the convention that ln = –∞ and e–∞ = .
Example . We consider the following equation:







∣γ (t,s)+–β(t) sgnu(t) dξ (s) = e(t), t ≥ , ()
where q(t) = λ sint, a = , b = , γ (t, s) = se–t , g(t, s) = cos t, β(t) = e–t , ξ (s) = s, e(t) =
–f (t) cost, and λ >  is a constant and f (t) ∈ C[,∞) is any nonnegative function. For
any T ∈ R, we choose k ∈ Z large enough for kπ ≥ T and let a = kπ , a = b = kπ + π ,
and b = kπ + π . Then m(t) = lne–t and () holds. Set
θ (t) = δe–t , δ ∈ (ln, ], η(t, s) = δδ –  s
–δ
δ– e–t .
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It is easy to verify that () and () are valid, and for t ∈ [ai,bi], i = , , Let v(t) = sint. Note







F(λ, δ, t) sin t dt,
where
















e–t – δe–t + δe–t
)














 cos t dt = π .
Thus, by Theorem . we see that equation () is oscillatory for
∫ π
 F(λ, δ, t) sin t dt ≥
π .
Example . We consider the following equation:





∣∣γ (t,s)+–β(t) sgnu(t) dξ (s) = e(t), t ≥ , ()
where q(t) = λ sin t, a = , b = , γ (t, s) = s(cos t ), g(t, s) = cos t, β(t) = cos
t
 , ξ (s) = s, λ > 
is a constant. For any T ∈ R, we choose k ∈ Z large enough for kπ ≥ T and let a = kπ ,
a = b = kπ + π , b = kπ +
π
 , c = kπ +
π
 , and c = kπ +
π
 . Assume that e(t) ∈
C[,∞) is any function satisfying (–)ie(t)≥  on [ai,bi] for i = , . Then () holds. Set
θ (t) = δ cos t , δ ∈ (ln, ], η(t, s) =
δ





It is easy to verify that () and () are valid, and for t ∈ [ai,bi], i = , ,
Q(t) = λ sin t +
[(
 + δ





] cos t –δ cos t














 – δ cos
 t









η(t, s) lnη(t, s) ds
])
.




Q(t)(t – kπ ) dt +
∫ kπ+ π
kπ+ π
Q(t)(kπ + π/ – t) dt ≥ π




Q(t)(t – kπ – π/) dt +
∫ kπ+ π
kπ+ π
Q(t)(kπ + π/ – t) dt ≥ π .
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